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A bstract: F(4)supergravity,thegaugetheory oftheexceptionalsix-dim ensionalAnti-
deSittersuperalgebra,iscoupled toan arbitrarynum berofvectorm ultipletswhosescalar
com ponentsparam etrizethequaternionicm anifold SO (4;n)=SO (4) SO (n).By gauging
the com pactsubgroup SU(2)d 
 G,where SU(2)d isthe diagonalsubgroup ofSO (4)’
SU(2)L 
 SU(2)R (theR-sym m etry group ofsix-dim ensionalPoincare supergravity)and
G is a com pact group such thatdim G = n. The potentialadm its an AdS background
for g = 3m ,as the pure F(4)-supergravity. The boundary F(4) superconform alelds
are realized in term s ofa singleton supereld (hyperm ultiplet) in harm onic superspace
with ag m anifold SU(2)=U(1)= S2. W e analize the spectrum ofshortrepresentations
in term sofsuperconform alprim ariesand predictgeneralfeaturesoftheK-K specrum of
m assive typeIIA supergravity com pactied on warped AdS6 
 S
4.
1 M atter coupled F(4) Supergravity and its scalar potential
Letussetup a suitable fram ework forthe discussion ofthe m attercoupled F(4)super-
gravity theory and itsgauging.Thiswillallow usto setup theform alism forthem atter
coupling in the next section. Actually we willjust give the essentialdenitions ofthe
Bianchiidentitiesapproach in superspace ,while allthe relevantresults,specically the
supersym m etry transform ation lawsoftheelds,willbegiven in theordinary space-tim e
form alism .
First ofallit is usefulto discuss the m ain results ofref. [2]by a carefulstudy in
superspace ofthe Poincare and AdS supersym m etric vacua.Letusrecallthe contentof
D = 6,N = (1;1)supergravity m ultiplet:
(V a ;A

;B ;  
A








whereV a isthesix dim ensionalvielbein, 
A
 ;  
_A
 areleft-handed and right-handed four-
com ponentgravitino eldsrespectively,A and _A transform ing underthe two factorsof
1The work ofR .D ’A uria and S.Vaula has been supported by EEC under TM R contract ER BFM R X -CT96-0045,the
work of S.Ferrara has been supported by the EEC TM R program m e ER BFM R X -CT96-0045 (Laboratori N azionali di
Frascati,IN FN )and by D O E grant D E-FG 03-91ER 40662,Task C.
1
theR-sym m etry group O (4)’ SU(2)L 
 SU(2)R ,B  isa 2-form ,A

 ( = 0;1;2;3),are
vectorelds,A;




Our notations are as follows: a;b;:::= 0;1;2;3;4;5 are Lorentz at indices in D = 6
;;:::= 0;1;2;3;4;5 are the corresponding world indices,A;_A = 1;2. M oreover our
m etricis(+; ; ; ; ; ).
W erecallthatthedescription ofthespinorsofthem ultipletin term sofleft-handed and
right-handed projection holdsonlyin aPoincarebackground,whilein an AdS background
thechiralprojection cannotbedened and wearebounded to use8-dim ensionalpseudo-
M ajorana spinors.In thiscasetheR-sym m etry group reducesto theSU(2)subgroup of
SU(2)L 
 SU(2)R ,the R-sym m etry group ofthe chiralspinors. Forourpurposes,itis
convenientto use from the very beginning 8-dim ensionalpseudo-M ajorana spinorseven
in a Poincarefram ework,sincewearegoing to discussin a uniquesetting both Poincare
and AdS vacua.









where we have chosen the charge conjugation m atrix in six dim ensions as the identity
m atrix (an analogousdenition six dim ensionsastheidentity m atrix (an analogousdef-
inition holds for the dilatino elds). W e use eight dim ensionalantisym m etric gam m a
m atrices,with (7)
2 =  1.TheindicesA;B ;:::= 1;2;ofthespinorelds A ; A trans-
form in thefundam entalofthediagonalsubgroup SU(2)ofSU(2)L 
 SU(2)R .To study
thesupersym m etricvacua letuswritedown theM aurer-Cartan Equations(M .C.E.)dual







A = 0 (1.3)
R
ab + 4m 2 V aV b+ m  Aab 







A sA t  i  A B 
rA B = 0 (1.5)
D  A   im a AV
a = 0 (1.6)
HereV a;!ab; A;A
r;(r= 1;2;3),aresupereld 1-form sdualto theF(4)supergenerators





;  A  = A
r
 = 0; !
ab
 = pure gauge: (1.7)
Furtherm ore R ab  d!ab   !ac ^ ! bc ,D is the Lorentz covariant derivative,D is the
SO (1;5)
 SU(2)covariantderivative,which on spinorsactsasfollows:










A B A r 
B (1.8)
NotethatrA B = B C rAC ,where
rA
B (r= 1;2;3)denotetheusualPaulim atrices,are
sym m etric in A; B .
Letuspointoutthatthe F(4)superalgebra,despite the presence oftwo dierentphys-
icalparam eters,the SU(2) gauge coupling constant g and the inverse AdS radius m ,
really dependson justoneparam etersincetheclosureunderd-dierentiation ofeq.(1.6)
(equivalenttotheim plem entation ofJacobiidentitieson thegenerators),im pliesg = 3m ;
to recoverthisresultonehasto usethefollowing Fierzidentity involving 3- A’s1-form s:
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a A  B 
a
 C 
A C + 3 C  B  A 
B C = 0 (1.9)
2
The F(4)superalgebra described by equations(1.3)-(1.6)failsto describe the physical
vacuum becauseoftheabsenceofthesuperelds2-form B and1-form A 0 whosespace-tim e
restriction coincides with the physicalelds B  and A
0
 appearing in the supergravity
m ultiplet.Therecipeto have alltheeldsin a singlealgebra iswellknown and consists
in considering theFreeDierentialAlgebra (F.D.A.)[9]obtained from theF(4)M .C.E.’s
by adding two m ore equationsforthe2-form B and forthe 1-form A 0 (the0-form elds
A and  do notappearin thealgebra sincethey aresetequalto zero in thevacuum ).It
turnsoutthattohaveaconsistentF.D.A.involving B and A 0 onehastoadd totheF(4)
M .C.E.’stwo m oreequationsinvolving dA 0 and dB ;in thisway oneobtainsan extension







A = 0 (1.10)
R
ab + 4m 2 V aV b+ m  Aab 







A sA t  i  A B 
rA B = 0 (1.12)
dA
0
  m B   i  A7 
A = 0 (1.13)
dB + 2  A7a 
A
V
a = 0 (1.14)
D  A   im a AV
a = 0 (1.15)
Equations (1.13) and (1.14) were obtained by im posing that they satisfy the d-closure
togetherwith equations(1.10). Actually the closure of(1.14)relieson the 4- A’sFierz
identity





C D = 0 (1.16)
The interesting feature ofthe F.D.A (1.10)-(1.15)isthe appearance ofthe com bination
dA 0   m B in (1.13). That m eans that the dynam icaltheory obtained by gauging the




  m B . Atthe dynam icallevelthisim plies,asnoted by Rom ans[2],an
Higgsphenom enon wherethe2-form B "eats"the1-form A 0 and acquiresanon vanishing
m assm .
Itiseasy to see thatno F.D.A existsifeitherm = 0 ,g 6= 0 orm 6= 0,g = 0,since the
corresponding equationsin the F.D.A.do notclose anym ore underd-dierentiation.In
otherwordsthe gauging ofSU(2),g 6= 0 m ustbe necessarily accom panied by the pres-
enceoftheparam eterm which,aswehaveseen,m akestheclosureofthesupersym m etric
algebra consistentforg = 3m .
In D = 6; N = 4 Supergravity,theonly kind ofm atterisgiven by vectorm ultiplets,
nam ely
(A ; A; 
)I (1.17)
where  = 0;1;2;3 and theindex I labelsan arbitrary num bern ofsuch m ultiplets.As
itiswellknown the4n scalarsparam etrizethecosetm anifold SO (4;n)=SO (4) SO (n).
Taking into accountthatthepuresupergravity hasa non com pactduality group O (1;1)
param etrized by e,theduality group ofthem attercoupled theory is
G=H =
SO (4;n)
SO (4) SO (n)
 O (1;1) (1.18)
3
To perform the m attercoupling we follow the geom etricalprocedure ofintroducing the
coset representative L  ofthe m atter coset m anifold,where ;;:::= 0;:::;3+ n;








where = 0;1;2;3,I = 4;:::;3+ n.Furtherm ore,sincewearegoingtogaugetheSU(2)








The 4 + n gravitationaland m atter vectors willnow transform in the fundam entalof
SO (4;n)so that the superspace vector curvatures willbe now labeled by the index :
F   (F 0;F r;F I). Furtherm ore the covariant derivatives acting on the spinor elds
willnow contain also the com posite connections ofthe SO (4;n)duality group. Let us
introducetheleft-invariant1-form ofSO (4;n)satisfying theM aurer-Cartan equation
















 = 0 (1.21)
Ouraim isto gauge a com pactsubgroup ofO (4;n).Since in any case we m ay gauge
only thediagonalsubgroup SU(2) O (4) H ,them axim algaugingisgiven by SU(2)

G where G isa n-dim ensionalsubgroup ofO (n). According to a wellknown procedure,















 G.M oreexplicitly,denoting with 
rst






































  = (L
  1
F L)  (1.26)
whereF  F T,T being thegeneratorsofSU(2)
 G.
























































Note that P I0,P
I
r are the vielbeins ofthe coset,while (

rs; 
r0),(R rs; R ro) are re-
spectively the connectionsand the curvaturesofSO (4)decom posed with respectto the
diagonalsubgroup SU(2) SO (4).
Starting from the F.D.A.discussed before,one can now dene suitable gauged curva-
tures in superspace,and apply the Bianchiidentities technique in orderto retrieve the
space-tim esupersym m etry transform ation laws.Onends:





































A B + 2ieLrA Br "A B (1.34)










































































































































wherewehaveintroduced the"dressed" vectoreld strengths

















and wehaveom itted in thetransform ation lawsoftheferm ionsthethree-ferm ionsterm s
oftheform ("),(").
For our purposes, the m ost interesting quantities are the ferm ionic shifts denoted in












































A B   2m e




A = rstK rst; B




K rIs; D It= K 0It (1.47)
and thethreefold com pletely antisym m etrictensorsK 0saretheso called "boosted struc-
tureconstants" given explicitly by:
K rst= glm nL
l
r(L







  1) Js L
K
t (1.48)
K rs0 = glm nL
l
r(L







  1) Js L
K
0 (1.49)
K rIt= glm nL
l
r(L







  1) JI L
K
t (1.50)
K 0It = glm nL
l
0(L







  1) JI L
K
t (1.51)
By perform ing the supersym m etry variation ofthe Lagrangian,indeed one ndsthe
following W ard identity [10]:

C
A W =  20S
B A
SB C   4N
B A








One can verify thatthe r.h.s. of(1.52)isindeed proportionalto a Kronecker delta,by
using theexlicitform oftheshifts.Theresulting potentialturnsoutto be:
W ()= 5 f[
1
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A furtherissue related to the scalarpotential,which isan im portantcheck ofallour
calculation,isthepossibility ofcom puting the m assesofthe scalareldsby varying the
linearized kineticterm softheLagrangian and thepotentialW ,afterpowerexpansion of
W up to thesecond orderin thescalareldsqI.Ifweuseasm assunity the inverseAdS




 =  6; m
2
qI0 =  4; m
2
qIr =  6 (1.54)
These values should be com pared with the results obtained in reference [5]where the
supergravity and m atterm ultipletsoftheAdS6 F(4)theory wereconstructed in term sof
thesingleton eldsofthe5-dim ensionalconform aleld theory,thesingleton being given
by hyperm ultipletstransform ing in the fundam entalofG  E7.Itisam using to see that
the values ofthe m asses ofthe scalars com puted in term s ofthe conform aldim ensions
areexactly thesam easthosegiven in equation (1.54).
This coincidence can be considered as a non trivialcheck ofthe AdS=CFT correspon-
dencein six versusvedim ensions.
2 F(4)
 G Superconform alField T heory
HerewedescribethebasicsoftheF(4)highestweightunitary irreduciblerepresentations
\UIR’s" and exhibit two towers ofshort representations which are relevant for a K-K
6
analysisoftypeIIA theory on (warped)AdS6 
 S
4 [6],[7].
W ewillnotconsiderheretheG representation propertiesbutwewillonly concentrateon
thesupersym m etric structure.
Recalling thattheeven partoftheF(4)superalgebra isSO (2;5)
 SU(2),from ageneral
result on Harish-Chandra m odules [11],[12]ofSO (2;2n + 1) we know that there are
only a spin 0 and a spin 1/2 singleton unitary irreducible representations [13],which,
therefore,m erge into a unique supersingleton representation ofthe F(4) superalgebra:
thehyperm ultiplet[5].
To describeshortening isusefulto usea harm onicsupereld language[8].
The harm onic space isin thiscase the 2-sphere SU(2)=U(1),as in N = 2; d = 4 and
N = 1; d = 6. A highest weight UIR ofSO (2;5)is determ ined by E 0 and a UIR of
SO (5)’ Usp(4),with Dynkin labels(a1; a2)
2.W ewilldenote such representationsby
D (E 0; a1; a2). The two singletonscorrespond to E 0 = 3=2,a1 = a2 = 0 and E 0 = 2,
a1 = 1,a2 = 0.
In the AdS=CFT correspondence [3,4](E 0; a1; a2) becom e the conform aldim ension
and theDynkin labelsofSO (1;4)’ Usp(2;2).
The highestweightUIR ofthe F(4)superalgebra willbe denoted by D (E 0; a1; a2; I)
whereI istheSU(2)R-sym m etry quantum num ber(integerorhalfinteger).





B )(x;)= 0 (2.1)





































1 = 0 (2.4)
which im plies
W
1(x;)= ’1 + 2 + d:t: (2.5)
(d.t.m eans\derivativeterm s").






1 = 0 (2.6)
becausethereisno such scalarcom ponent3 in W 1.
W 1 isa Grassm an analyticsupereld,which isalso harm onic(thatisD 12W
1 = 0 where,
using notationsofreference [14],D 12 isthe step-up operatorofthe SU(2)algebra acting
on harm onicsuperspace).
SinceW 1 satiesD 1W 1 = 0,any p-orderpolynom ial
Ip(W
1)= (W 1)p (2.7)
2N ote that the U sp(4)Young labelsh1;h2 are related to a1;a2 by a1 = 2h2;a2 = h1   h2.
3Thisisrather sim ilarto the treatm ent ofthe (1,0)hyperm ultiplet in D = 6 [15]
7
willalso havethesam eproperty,so theseoperatorsform a ringunderm ultiplication [14],
they arethe1/2 BPS statesoftheF(4)superalgebra and representm assive vectorm ul-
tiplets(p> 2),and m asslessbulk gaugeeldsforp= 2.





TheAdS squared m assforscalarsis
m
2



















(3p+ 4)(3p  6) p 4
Theonly scalarsstateswith m 2 < 0arethescalarin them asslessvectorm ultiplet(p= 2)
with m 21 =  6,m
2
2 =  4 (no stateswith m
2 = 0 exist)and in the p = 3 m ultipletwith
m 2 =   9
4
.
W enow considerthesecond "short" towercontaining thegraviton superm ultipletand its
recurrences.
The graviton m ultipletisgiven by W 1W
1











thism ultipletistheF(4)supergravity m ultiplet.Itslowestcom ponent,corresponding to
thedilaton in AdS6 supergravity m ultiplet,isa scalarwith E 0 = 3 (m
2 =  6)and I = 0.
Thetowerisobtained asfollows





wherethem assive graviton,described in eq..(2.10)hasE 0 = 5+
3
2









G q+ 2(W )= 0 (2.11)
so thatitcorrespondsto a shortrepresentation with quantized dim ensions and highest




W ecallthesem ultiplets,following [15],"interm ediateshort" because,although they have
som em issing states,they arenotBPS in thesenseofsupersym m etry.In factthey do not
form a ring underm ultiplication.
There are also long spin 2 m ultipletscontaining 28 state where E 0 isnotquantized and
satisesthebound E 0  6.
Finally letusm akesom ecom m entson theroleplayed by theavoursym m etry G.
Itisclearthat,since the supersingleton W 1 isin a representation ofG (otherthan the
gaugegroup oftheworld-volum etheory),theIp and G q+ 2 polynom ialswillappearin the
p-fold and (q+ 2)-fold tensorproductrepresentationsoftheG group.Thisrepresentation
isin generalreducible,howeverthe 1/2 BPS statesm usthave a rstcom ponenttotally
8
sym m etric in theSU(2)indicesand,therefore,only certainsG representationssurvive.
M oreoverin the(W 1)2 m ultiplet,correspondingtothem asslessG-gaugevectorm ultiplets




to thegraviton m ultiplet,wem ustpick up theG singletrepresentation.
Howeverin principle there can berepresentationsin the highersym m etric and antisym -
m etric products,and the conform aleld theory should telluswhich productsrem ains,
sincetheavorsym m etry dependson thespecicdynam icalm odel.
The statesdiscussed in thispaperare expected to appear[6],[7]in the K-K analysisof
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